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The Massless Spectrum of Heterotic Compactifications
Xenia de la Ossa1, Edward Hardy2, and Eirik Eik Svanes3,4,5,∗
We discuss the four-dimensional massless spectrum
of supersymmetric Minkowski compactifications of
ten-dimensional heterotic supergravity, including the
anomaly cancelation condition. This can be calculated
from restrictions arising from F-term conditions in a four
dimensional effective theory. The results agree with
computations of the infinitesimal moduli space recently
performed from a ten-dimensional perspective. The pa-
per is based on a talk given by Eirik Eik Svanes in Leu-
ven for the workshop on ’The String Theory Universe’.
1 The Superpotential
For a compactification of ten-dimensional heterotic su-
pergravity to four dimensions to preserve N = 1 su-
persymmetry, the internal space must have an SU (3)-
structure (X ,Ω,ω), where ω is the hermitian two-form
(Kähler form), and Ω ∈ Ω(3,0)(X ) is a complex top-form
that encodes the complex structure. The superpotential
of the effective theory theory is then given by [1–3]
W =
∫
X
(H + idω)∧Ω . (1)
Here
H =dB +
α
′
4
(ωCS(A)−ωCS (∇)) , (2)
where H0 = dB for a two-form potential B , and ωCS are
the Chern-Simons forms. The F-term conditions for un-
broken supersymmetry are
δW =W = 0. (3)
These are equivalent to requiring [4]
dΩ= 0 (4)
F (0,2) =R (0,2) = 0 (5)
H = i (∂− ∂¯)ω , (6)
where F and R are the curvatures of A and ∇. That is, X
is complex, and (V ,A) and (T X ,∇) are holomorphic bun-
dles.
Supersymmetry also requires that X is conformally
balanced. The remaining supersymmetry conditions re-
quires that the bundles satisfy the Yang-Mills condition,
and can be derived from D-terms in the effective four-
dimensional theory [5]. For the present paper, we will
assume that these conditions are satisfied, in particular
that the bundles are stable [6]. See however [7,8] formore
details on this.
2 Infinitesimal Moduli: The Massless
Spectrum
The massless spectrum of the four-dimensional theory
can be obtained from computing the infinitesimal mod-
uli space of the the ten-dimensional solution [8, 9], or
equivalently from the effective theory as we shall show.
Further details may be found in [7]. At the supersymmet-
ric locus, the mass-matrix of the four dimensional effec-
tive theory is given by
VI J¯ = e
K
∂I∂KW ∂ J¯∂L¯W¯K
K L¯ , (7)
where K is the Kähler potential. To obtain the massless
moduli we must therefore find the deformations δ2 for
which
δ2δ1W = 0 ∀ δ1 . (8)
where δ1 is a generic deformation. Physically this is de-
manding that δ1W which is a generic F-term is not gen-
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erated by deforming in the direction δ2. It follows that
dδ2Ω= 0 ⇒ δ2Ω ∈H
(2,1)(X ) ⇔ ∆2 ∈H
(0,1)(T X ) , (9)
where ∆2 is the complex structure deformation corre-
sponding to δ2Ω. We also get that
F (∆2)=∆
a
2 ∧Fab¯ dz
b¯
= ∂¯α2 (10)
R(∆2)=∆
a
2 ∧Rab¯ dz
b¯
= ∂¯κ2 , (11)
where α2 ∈ Ω
(0,1)(End(V )), κ2 ∈ Ω
(0,1)(End(V )), whose
closed part are bundle moduli. This implies that ∆2 is in
the kernel of Atiyah maps [10,11]
F : H (0,1)(T X )→H (0,2)(End(V )) (12)
R : H (0,1)(T X )→H (0,2)(End(T X )) . (13)
We can think of x2 =∆2+α2+κ2 as the moduli of a holo-
morphic structure
∂¯1 = ∂¯+F +R (14)
defining an extension sequence
0→ g→Q1→ T X → 0 , (15)
where g = End(TX) ⊕ End(V). Note that ∂¯21 = 0 iff the
Bianchi identities: ∂¯F = ∂¯R = 0 are satisfied. The in-
finitesimal moduli space is [10,11]
TM1 =H
1(Q1)=H
1(g)⊕ker(F +R) . (16)
It should be noted thatH1(End(T X ))⊆H1(g) are unphys-
ical, but may be viewed as infinitesimal O (α′) field redef-
initions [12].
Assuming that H (0,1)(X ) = 0 or the ∂∂¯-lemma, the fi-
nal constraint from the condition δ2δ1W = 0 is that
H (x2)= 2∆
a
2 ∧ i∂[aωb]c¯dz
bc¯
−
α
′
2
(trα2∧F − trκ2∧R)
= ∂¯y
(1,1)
2 , (17)
for some y
(1,1)
2 . The closed part of y
(1,1)
2 gives the hermi-
tian moduli. It follows that x2 ∈ TM1 is in the kernel of
the map
H : H1(Q1)→H
(0,2)(T ∗X ) . (18)
Again, we can think of z2 = x2 + y2 as moduli of a holo-
morphic structure
∂¯2 = ∂¯1+H , (19)
defining the extension sequence
0→ T ∗X →Q2→Q1→ 0 . (20)
Note again that ∂¯22 = 0 iff the heterotic Bianchi identity
dH =
α
′
4
(trF 2− trR2) (21)
is satisfied. Overall the massless spectrum is given by [8,
9]
TM2 =H
1(Q2)=H
(0,1)(T ∗X )⊕ker(H ) , (22)
where H (0,1)(T ∗X ) are the hermitianmoduli.
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